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Improved Stiffness-Based First-Order Approximations
for Structural Optimization
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Technion—Israel Institute of Technology, Haifa 32000, Israel

Improved first-order approximations of displacements, stresses, and forces are presented. The main objectives
in developing the method presented are 1) to preserve the ease of implementation and the efficiency of the common
first-order approximations and 2) to improve significantly the quality of the results, such that the method can be
used in problems with very large changes in the design variables, including geometrical changes and elimination
of members. The method is based on results of a single exact analysis and can be used with a general finite element
system. It is suitable for different types of design variables and structures. Results obtained by the proposed method
are compared with various first-order approximations for modifications in the cross section as well as the geometry
and the topology of the structure. It is shown that the proposed approximations are most effective in terms of the
accuracy, the efficiency, and the ease of implementation.

Introduction

ONE of the main obstacles in the optimization of structural sys-
tems is the high computational cost involved in the solution

of large-scale problems. Application of approximation concepts in
structural optimization, intended to reduce the computational cost,
has been motivated by the following characteristics of practical de-
sign problems.

1) The problem size (number of variables and constraints) is
usually large. Each element involves at least one variable, and var-
ious failure modes under each of several load conditions must be
considered.

2) Each redesign involves extensive calculations. The constraints
are usually implicit functions of the design variables and evaluation
of the constraints value for any assumed design requires the solution
of simultaneous equations. In addition, calculation of the constraint
derivatives with respect to design variables is often needed.

3) The number of redesigns is large. In general, the solution
of optimal design problems is iterative and consists of repeated
analyses followed by redesign steps. The number of redesigns and
repeated analyses is often a function of the problem dimensionality.

The analysis task will require most of the computational effort;
therefore, only methods which do not involve many implicit anal-
yses are suitable for design optimization. Approximate models of
the structural behavior reduce the number of exact analyses dur-
ing the solution process and might affect the overall computational
cost more than the choice of the optimization method. Reduction
of the computational cost, in turn, allows the solution of practical
design problems.1'2 In general, the following factors are considered
in choosing an approximate behavior model for a specific optimal
design problem: 1) the accuracy of the calculations, or the quality
of the approximations; 2) the computational effort involved, or the
efficiency of the method; and 3) the ease of implementation. The im-
plementation effort is weighted against the performance of the algo-
rithms as reflected in their computational efficiency and accuracy.

The various approximations can be divided into the follow-
ing classes.1'2

1) Global approximations (called also multipoint approxima-
tions), such as polynomial fitting or reduced basis methods2"4:
These approximations are obtained by analyzing the structure at
a number of design points, and they are valid for the whole
design space (or, at least, large regions of it). However, global
approximations may require much computational effort in problems
with a large number of design variables.
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2) Local approximations (called also single-point approxima-
tions), such as the first-order Taylor series expansion or the binomial
series expansion about a given point in the design space: Local ap-
proximations are based on information calculated at a single point.
These methods are most efficient, but they are effective only in cases
of small changes in the design variables. For large changes in the
design the accuracy of the approximations often deteriorates, and
they may become meaningless. That is, the approximations are only
valid in the vicinity of a design point. To improve the quality of the
results, reciprocal cross-sectional areas are often assumed as design
variables.5'6 A hybrid form of the direct and reciprocal approxima-
tions which is more conservative than either can also be introduced.7
This approximation has the advantage of being convex8; but it has
been found that the hybrid approximation tends to be less accurate
than either the direct or the reciprocal approximation. More accu-
rate convex approximations can be introduced by the method of
moving asymptotes,9 but the quality of the results is highly depen-
dent on the selection of the moving asymptotes. Another possibility
to improve the quality of the results is to consider second-order
approximations,10'11 but this might increase considerably the com-
putational effort.

3) Combined approximations, which attempt to give global qual-
ities to local approximations: One approach to introduce combined
approximations is to scale the initial stiffness matrix such that the
changes in the design variables are reduced.12'13 The advantage of
this approach is that, similar to local approximations, the solution
is based on results of a single exact analysis. It has been shown
that the scaling procedure is useful for various types of design
variables and behavior functions. In particular, simplified approxi-
mations of homogeneous displacement and stress functions can be
achieved.14 Several criteria for selecting the scaling multiplier have
been proposed.12"14 The concept of scaling has been extended re-
cently to include also the approximate displacements, in addition to
the initial stiffness matrix, thereby allowing improved results.15'16

The effectiveness of combined approximations of displacements
in problems of cross-sectional optimization as well as geometrical
and topological optimization has been demonstrated recently.2'15"17

It has been shown that high quality results can be achieved for very
large changes in the design variables. However, the approximations
presented in the past are based on second-order information, there-
fore, the computational effort is somewhat higher than that involved
in the common first-order approximations. In addition, approxima-
tions of stresses and forces have not been demonstrated.

In this paper improved first-order approximations of displace-
ments, stresses, and forces are introduced. The main objectives
in developing the method presented are to preserve the ease of
implementation and the efficiency of the common first-order Taylor
series approximations and to improve significantly the quality of
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the results, such that the method can be used in problems with very
large changes in the design variables.

The method is based on results of a single exact analysis and can
be used with a general finite element system. It is suitable for differ-
ent types of design variables (e.g., cross-sectional variables, geomet-
rical variables, shape variables) and structures (e.g., trusses, frames,
grillages, plates). Results obtained by the proposed combined ap-
proximations of order 1 (CA1) are compared with the following
methods: 1) the common direct approximations of order 1 (DA1),
2) the common reciprocal approximations of order 1 (RA1), 3) the
previously developed combined approximations of order 2 (CA2),
and 4) improved reciprocal approximations, called transformed ap-
proximations of order 1 (TA1) and exponential approximations of
order 1 (EA1).

It will be shown that that the proposed CA1 are most effective in
terms of the accuracy, the efficiency, and the ease of implementation.
The method provides high quality approximations of the structural
behavior for very large changes in the design variables, including
changes in the structural topology (elimination of some members
and joints).

Common First-Order Approximations
Considering the displacement method analysis equations, the dis-

placements r are computed by the equilibrium equations

Kr = (1)

where K is the stiffness matrix and R the load vector. Once the
displacements are determined, the stresses cr and the forces N can
readily be calculated by the explicit stress-displacement and force-
displacement relations

cr = Sr

= Tr

(2a)

(2b)

in which S is the stress-transformation matrix, W is a diagonal matrix
giving the force-stress ratios, and matrix T is defined as

T= WS (3)

The elements of matrices K and W are usually some explicit func-
tions of the design variables, whereas the elements of R and S are
often constant.

Taylor Series Expansion
The first-order Taylor series is perhaps the most commonly used

approximation in structural optimization. Considering the first-order
terms of the displacements, the stresses and the forces, respectively,
the resulting DA1 are given by

<4a)

(4b)

/v v*\——(A/ - A,.; (4c)

in which X/ are the original design variables, n is the number of
design variables, and asterisks denote values calculated at the initial
design X*. It has been shown18 that approximations offerees [Eqs.
(4c)] are of higher quality than approximations of stresses [Eqs.
(4b)] for stress constraints. This result also will be demonstrated
later in this paper.

A common approach to improve the quality of the results is to
assume intermediate variables. Although it might be difficult to se-
lect appropriate variables in cases of a general optimization prob-
lem where geometrical, topological or shape design variables are
considered, the selection of the reciprocal variables F/, defined as

Yt = 1/X/, often significantly improves the quality of the results.
The resulting first-order expressions RA1, are given by

9(7* y> 9<7*

(5a)

(5b)

(5c)
where the multipliers v/ = X*/X/ can be viewed as correction
multipliers of the linear approximations, converting them into non-
linear ones.

It is instructive to note that the RA1 are not suitable for problems
where certain X/ approach zero, since the corresponding yf approach
oo. This is the case, for example, in topological optimization where
some cross sections of eliminated members become zero. In ad-
dition, approximations about an initial value of zero require some
modifications. To illustrate this situation, assume the common case
of optimization along the line

X = X* + a AX* (6)

where X* is a given design, a a step size variable, and AX* a given di-
rection vector. Considering displacement approximations, the DA1
and the RA1 [Eqs. (4a) and (5a), respectively] become

rD=r*
o..*

+ —(«-«*)
da

or* 9r*
-- — (a -a*)
a da

(7a)

(7b)

Since a* = 0, Eq. (7b) cannot be used, and modification of the
approximate expression is necessary. One possibility is to assume
a* = 8a (where 8a is a small number), but it has been found that
in this case the results are highly dependent on the selection of 8a.

It should be noted that effective implementation of the RA1 re-
quires calculation of derivatives with respect to all variables, even in
cases of a single independent variable a. Assuming the case where
the derivative vectors 9r/9X/ are not known from previous calcu-
lations, then the common DA1 or the CA1 proposed in this pa-
per involve evaluation of only the single derivative vector dr/da
[Eq. (7a)]. On the other hand, to exploit the advantage of using the
correction multipliers yt = X*/X/ in the RA1 for the displacements
it is necessary to calculate all of the derivative vectors 9r/3X/.

One reason for the better quality of the RA1 is that displacements
and stresses for statically determinate structures are often linear
functions of the reciprocal variables. For statically indeterminate
structures, the use of these variables still proves to be a useful device
to obtain better approximations. The advantage of the reciprocal
variables can be best understood in cases where the displacements,
the stresses, and the forces are homogeneous functions of the design
variables. FGK illustrative purposes, assume the common case of
truss cros^-s€ctional variables. The displacements and the stresses
are homogeneous functions of degree — 1 in the design variables
and Eqs. (5) are reduced to the simplified form2'5

(8a)

(8b)
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It can be observed that for statically determinate structures the
displacement and stress derivatives in this case are constant, and
Eqs. (8) are exact.

In the examples presented later in this paper, the conservative-
convex approximations7'8 are not considered since it has been found
that they tend to be less accurate than either the direct or the recip-
rocal approximation. Other methods intended to improve the RA1,
but highly dependent on some predetermined parameters, will be
discussed later.

Binomial Series Expansion
Express the modified equilibrium equations (1), after a change in

the initial design, as

Kr = (K* + AK)(r* + AT) = R (9)

in which AK and Ar are the changes in the initial values K* and
r*, respectively. Neglecting the second-order term AK Ar, defining
matrix B as

substituting in Eq. (9) and rearranging yields

(10)

(11)
It has been shown2 that Eq. (11) is equivalent to the first-order Taylor
series expansion for homogeneous displacement functions. Further-
more, this equation is identical to the first-order approximation of
the binomial series expansion

r=(I-B - )r* (12)

= cr\ + 0*2

It should be noted that calculation of the binomial series elements
involves only forward and backward substitutions if K* is given
in a decomposed form from the initial analysis.2 In addition, cal-
culation of the binomial series terms does not involve calculation
of derivatives.

The first-order approximations presented in this paper will
be compared later with second-order approximations evaluated
byEq.(12).

Improved Approximations
Proposed Method: Combined First-Order Approximations

For simplicity of presentation, denote the terms in the DA1
[Eq. (4)] as

(13a)

(13b)

(13c)

where subscripts 1 and 2 denote the first and the second terms,
respectively, given by

(14a)

(14b)

(14c)

To improve the quality of the approximations, we use the first-order
displacement terms as basis vectors in the following reduced basis
expression

where matrix rB and the vector y of coefficients to be determined
are defined as

yT =
(16)

Substituting Eqs. (15) into the modified analysis Eqs. (1) and pre-
multiplying by rT

B yields

rT
BKrBy=rT

BR

Introducing the notation

KR = rB KrB RR = rB R

(17)

(18)

and substituting Eqs. (18) into Eq. (17), we obtain the set of (2 x 2)
equations

KRy = RR (19)

Thus, the displacement vector is evaluated by solving first the (2 x 2)
system in Eq. (19) fory. The improved approximate displacements
r/ are then computed for the given y by Eq. (15).

The corresponding stresses and forces are evaluated by substitut-
ing Eqs. (15) into Eqs. (2), giving

= Srj = S(yiri + y2r2)

= Trj = T(yiri + y2r2)

Denoting

= Sri

- Tr,

cr2 = Sr2

N2 = Tr2

(20)

(21)

and substituting Eqs. (21) into Eqs. (20), then the stress and the force
approximations become

(22)
+ y2N2

+ y2r2 = rBy (15)

In summary, given the initial stiffness matrix (K*) and the first-
order Taylor series terms (ri, r2, a\, cr2, NI , N2), the proposed CA1
involve the following additional calculations.

1) The modified matrix K = K* + AK is introduced.
2) The reduced matrix KR and the reduced vector RR are calcu-

lated by Eqs. (18).
3) The coefficients y are calculated by solving the set of (2 x 2)

Eq. (19).
4) The final displacements, stresses, and forces are evaluated by

Eqs. (15) and (22).
It will be shown later by several numerical examples that the pro-
posed procedure improves significantly the quality of the results.
The multipliers yi and y2 can be viewed as scaling parameters, in-
tended to improve the first-order Taylor series approximations. The
following special cases, for selecting they multipliers, can readily be
identified: 1) scaling of the initial behavior (displacements, stresses
and forces), obtained for some y i = y and y2 = 0; 2) scaling of the
modified approximate behavior, obtained for some yi = y2 = y;
and 3) the common direct approximations DA1 [Eq. (4)], obtained
fory! =y2 = 1.

It should be noted that the approximations presented are often
valid for the whole design space. Therefore, it is necessary to evalu-
ate all displacement degrees of freedom and not only the constrained
degrees of freedom, since the latter might change from one design
point to another. In cases where it is necessary to evaluate only a lim-
ited number of displacements, it is possible to introduce a matrix W
of relative weights for the various degrees of freedom, as presented
elsewhere.15 Then, if only several displacements are of interest, the
corresponding elements of W can be selected accordingly.

The method presented can be used also to evaluate effectively
constraint derivatives (sensitivity analysis coefficients), as demon-
strated recently.19 As a result, the number of exact analyses and
the total computational cost involved in the solution process are
further reduced.
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Combined Second-Order Approximations
For purposes of comparison, results for CA2 also will be pre-

sented. Although the second-order terms of the Taylor series can
be used for this purpose, it has been found that the binomial series
terms are easy to implement and provide high quality results.2'15"17

Considering the three basis vectors of the binomial series (12)

r2 = -Br*

r3=B2r*

then the reduced basis expression (15) becomes

TI = y\r\ + y2r2 + y3r3 = rB y

where

rB = (ri,r2,r3}

yT = (yi, 72,^3}
The resulting stresses and forces are [see Eqs. (22)]

+ y2a2 + y3fT3

+ y2N2 + y3N3

in which
cr{ — Sri cr2 = Sr2 a3 = Sr3

Ni = 7>i N2 = 7>2 N3 = Tr3

(23)

(24)

(25)

(26)

(27)

Evidently, the CA2 [Eqs. (24) and (26)] involve some more calcu-
lations than the proposed CA1. Specifically, the additional second-
order terms r3, <r3, and N3 are first calculated, and the set of (3 x 3)
Eq. (19) is then solved for y. However, it has been noted2-15 that
the amount of these extra calculations is not significant. In addition,
the quality of the results is better than that of the first-order approx-
imations. It has been shown also that the CA2 is a powerful tool
for effective evaluation of the structural behavior and the sensitivity
analysis vectors in optimization of the cross sections, as well as the
geometry and the topology of the structure.15'17'19

Improved Reciprocal Approximations
It has been noted earlier that the RA1 [Eqs. (5)] are not suitable for

problems where some cross sections approach zero. To overcome
this difficulty, it is possible to use the transformation20

I
4- SXt

(28)

where the values of 8Xt are typically small compared to represen-
tative values of the corresponding X/. Using Eqs. (5), the modified
multipliers y/ are given by

Thus, Eq. (29) is used instead of the common reciprocal multipli-
ers y/ = X*/X,. The main problem in using these TA1 is that the
quality of the results is highly dependent on the selected 5X,. It will
be shown subsequently by some examples that adequate approxi-
mations might be obtained only for certain 5X, values.

An alternative approach to improve the quality of the RA1 results
is to modify the multipliers y/ = X*/X/ in Eqs. (5) to obtain

yt = (30)

where m is a parameter to be selected. The resulting EA1 might
significantly improve the quality of the approximations, as will be
shown subsequently. However, similar to the TA1, the results are
highly dependent on the selected m, and it is not always an easy task
to find an appropriate value. In the common RA1 the selected m is 1;
some considerations for evaluating m are discussed elsewhere.14'21

In summary, the various y, multipliers discussed in this paper are
given in Table 1.

Numerical Examples
Cross-Sectional Optimization

To illustrate the quality of the approximations presented, con-
sider the well-documented 10-bar truss shown in Fig. 1. The truss
is subjected to a single loading condition of two concentrated
loads, and the design variables are the 10 cross-sectional areas X/
(i = 1,.. . , 10). The modulus of elasticity is E = 30,000 and the
eight analysis unknowns are the horizontal (to the right) and the ver-
tical (downward) displacements at joints 1, 2, 3, and 4, respectively.
The initial cross-sectional areas are X = 1.0, the stress constraints
are —25.0 < cr < 25.0, and the minimum size constraints are
0.001 < X. Assuming weight as an objective function, the optimal
design is17

X^pt = {8.0, 0.001, 8.0,4.0, 0.001, 0.001, 5.66, 5.66, 5.66, 0.001}

The percentages of change in the design variables during the solution
process are as follows: variable 1, 700%; 2, -99.9%; 3, 700%;
4, 300%; 5, -99.9%; 6, -99.9%; 7, 46.6%; 8, 46.6%; 9, 46.6%;
and 10, -99.9%.

That is, the cross sections of members 1, 3, 4, and 7-9, are in-
creased and—at the same time—the topology is practically changed
by eliminating members 2, 5, 6, 10, and joint 2 (displacements
3 and 4).

Solving the optimization problem using the proposed CA1, the
final optimum is achieved after only two exact analyses. This result,
which is significantly better than the number of analyses required for
the DA1 and RA1 reported in the literature, shows the potential of
the method presented to provide effective approximations for most
of the design space. In addition, the method is used to evaluate both
the constraint values and the constraint derivatives by an algorithm
presented recently.19

To demonstrate the quality of the results for very large changes
in the design variables, assume the line from the initial design to the
optimal design, given by

X = X*+aAX*

where a is the step size variable and AX* is defined as

AX*r = {7.0, -0.999,7.0, 3.0, -0.999, -0.999,4.66,

4.66,4.66, -0.999}

Approximate results obtained by CA1, CA2, RA1, and DA1 have
been compared with the exact solution of this example. Approximate
displacements, stresses and members' forces for various a values
are shown in Tables 2—4 and in Fig. 2. The following observations
have been made.

1) As expected, the errors in all of the listed approximations
increase with a. The results achieved by the proposed CA1 are sig-
nificantly better than those obtained by either the DA1 or the RA1,
but the best results have been achieved by the CA2. As mentioned
earlier, the latter approximations are presented only for purposes of
comparison but, despite the larger computational effort, the CA2 are
highly recommended in cases where higher quality of the approxi-
mations is needed.

360

100
360 360

Fig. 1 A 10-bar truss.
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Table 1 Multipliers j, for various approximations

Method

DA1
RA1
EA1
TA1
CA1

CA2

y\ =
y\ =
yi =
yi =
bi»3
(yi*y

yi--
1.0
1.0
1.0

>2}r

= 1.0
_ y* / y_ / • _ i 77^

y,-+l = (X*/Xi)m (i = 1, . . . ,«)
yi+i = (X* + «X,-)/(Xf + SXi) (i = l,...,n)

= (fJ&a)''^

3}r = (i^JBrj)'1^

aNumber of variables is indicated by n.

Table 2 Various approximations of displacements, cross-section changes

Displacements

Method

0.4

0.8

1.0

Exact
CA2
CA1
RA1
Exact
CA2
CA1
RA1
Exact
CA2
CA1
RA1

0.61
0.61
0.59
0.59
0.36
0.35
0.33
0.26
0.30
0.29
0.28

a

1.73
1.71
1.78
1.66
1.06
1.01
1.08
0.75
0.90
0.84
0.89

a

0.89
0.88
0.84
1.03
0.56
0.54
0.50
1.33
0.49
0.45
0.41

a

4.21
4.20
4.14
4.92
2.61
2.58
2.51
6.2
2.21
2.17
2.10

a

-1.12
-1.12
-1.04
-1.36
-0.71
-0.71
-0.63
-2.01
-0.60
-0.61
-0.53

a

4.49
4.47
4.38
5.35
2.82
2.77
2.67
7.27
2.40
2.34
2.24

a

-0.65
-0.65
-0.64
-0.68
-0.37
-0.38
-0.36
-0.47
-0.30
-0.31
-0.30

a

1.90
1.91
1.98
1.98
1.10
1.14
1.20
1.43
0.90
0.95
1.01

a

aMeaningless results.

Table 3 Various approximations of stresses, cross-section changes

Stresses
Method 10

0.4

0.8

Exact
CA2
CA1
RA1
DA1
Exact
CA2
CA1
RA1
DA1

51.2
50.9
49.4
49.4

a

29.9
29.3
28.0
23.0

a

23.0
22.3
20.2
36.6

a

17.0
15.6
13.3
88.2

a

-54.1
-54.4
-53.0
-55.7

a

-30.7
-31.4
-30.2
-37.5

a

-39.2
-39.0
-33.5
-57.7

a

-28.4
-28.0
-22.3

-130.4
a

13.7
16.7
16.6
26.8

a

3.9
11.0
10.8
58.3

a

23.0
22.3
20.2
36.6

a

17.0
15.6
13.3
88.2

a

52.0
52.5
56.0
54.7

a

30.6
31.9
35.1
41.1

a

-46.6
-45.9
-49.5
-44.4

a

-29.1
-27.5
-30.8
-19.2

a

42.5
42.8
40.3
72.6

a

28.8
29.0
26.3

176.7
a

-32.4
-31.6
-28.6
-51.4

a

-24.1
-22.0
-18.8

-124.6
a

aMeaningless results.

Table 4 Various approximations of members' forces, cross-sectional changes

Forces
Method 10

0.4

0.8

Exact
CA2
CA1
DA1
Exact
CA2
CA1
DA1

194.5
193.5
188.0
190.7
197.4
193.1
184.6
186.1

13.7
13.4
12.1
-8.9

3.4
3.1
2.7

-57.9

-205.5
-206.6
-201.3
-209.3
-202.6
-207.3
-199.2
-213.9

-86.3
-85.8
-73.7

-109.0
-96.6
-95.3
-76.0

-158.2

8.2
10.0
9.9

-18.4
0.8
2.2
2.2

-72.2

13.7
13.4
12.1
-8.9

3.4
3.1
2.7

-57.9

149.2
150.6
160.5
154.5
145.1
151.3
166.2
161.0

-133.6
-131.6
-141.8
-128.4
-137.7
-130.3
-145.9
-122.0

122.0
122.6
115.5
154.0
136.6
137.4
124.5
223.7

-19.4
-19.0
-17.1

12.8
-4.8
-4.4
-3.8
82.3

2) The displacement approximations obtained by the proposed
CA1 (Table 2) are reasonable even for a = 1.0 (the optimum), where
some members are practically eliminated from the structure. On the
other hand, the errors obtained by the RA1 for some displacements
(3-6) are much larger: 15-20% for a = 0.2; 45-60% for a = 0.4;
140-180% for a = 0.8; and meaningless results for a = 1.0.

3) It has been noted previously that effective implementation of
the RA1 along a line involves calculation of the derivative vectors
with respect to all variables X/, whereas the proposed CA1 require

calculation of only derivatives with respect to the single independent
variable a. Displacement approximations of ̂  (the vertical displace-
ment at joint 3) are shown in Fig. 2a. It can be seen that in this case
the DA1 are meaningless even for a = 0.2; the RA1 are poor for
large a values; and the proposed CA1 and the CA2 are the best.

4) The quality of stresses evaluated by the CA1 is relatively good
(Table 3 and Fig. 2b). It can be seen that larger errors in stresses are
obtained for members with forces approaching zero. Some of the
results obtained by the DA1 are meaningless even for a = 0.2.
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Table 5 Various approximations of displacements, X^ change (members 2,5,6,10)

Displacements
Method

0.6

0.2

0.001

Exact
CA2
CA1
RA1
DA1
EAla

Exact
CA2
CA1
RA1
DA1
EAla

Exact
CA2
CA1
RA1
DA1
EAla

2.34
2.34
2.33
2.33
2.34
2.33
2.34
2.34
2.32
2.28
2.34
2.34
2.40
2.40
2.32

b

2.33
2.31

5.56
5.56
5.53
5.54
5.56
5.52
5.57
5.57
5.50
5.33
5.53
5.56
5.79
5.79
5.47

b

5.52
5.46

2.92
2.92
2.97
2.95
2.89
3.00
3.08
3.08
3.04
3.55
2.97
2.90
3.35
3.35
3.13

b

3.01
3.19

13.04
13.04
12.10
13.20
12.97
13.42
13.66
13.66
13.62
15.94
13.30
13.00
14.23
14.23
14.01

b

13.47
14.29

-3.32
-3.32
-2.97
-3.37
-3.21
-3.46
-3.51
-3.51
-3.53
-4.37
-3.18
-3.30
-3.60
-3.60
-3.67

b

-3.47
-3.77

13.62
13.62
13.94
13.81
13.54
14.09
14.40
14.40
14.33
17.22
13.95
13.56
15.18
15.18
14.83

b

14.15
15.17

-2.46
-2.46
-2.47
-2.47
-2.46
-2.47
-2.46
-2.46
-2.47
-2.52
-2.47
-2.46
-2.40
-2.40
-2.48

b

-2.47
-2.49

6.03
6.03
6.06
6.05
6.03
6.07
6.02
6.02
6.08
6.26
6.06
6.03
5.80
5.80
6.11

b

6.07
6.13

aForm = — 1. bMeaningless results.
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50 -

.act = CA2

10

0.4 0.4 0.8
a) b) c)

50-

10

0.4 0.8

Fig. 2 a) Approximations of the displacement /•$, b) approximations of the stress in the vanishing member 10, and c) approximations of the force in
the vanishing member 10.

\RA1

100-

13-

0-2 0.6 0.2 0.6 1.0 0.2 0.6 1.0
a) b) c)

Fig. 3 Approximations in terms of A^: a) displacement, b) stress, and c) force.

5) Table 4 shows that reasonable results might be obtained for
forces by the DA1, as suggested elsewhere.18 Specifically, the qual-
ity of the forces obtained by the DA1 is reasonable for members 1,3,
7, and 8; larger errors in forces are obtained for members 4,9, and for
members 2,5, 6, and 10 that are vanishing at the optimum (Fig. 2c).

Elimination of Members
In many structural optimization problems the cross section in

some members is reduced during the solution process and might

approach zero. Such members are eliminated from the structure,
and the initial topology is changed. To illustrate the quality of the
approximations in topological optimization, assume only changes
in X2, the cross-sectional area of the eliminated members 2, 5, 6,
and 10. Results obtained by the CA2, CA1, RA1, DA1 and EA1
(for m = —1) are shown in Tables 5-7, and in Fig. 3. The following
observations have been made.

1) The CA2 provides, practically, the exact solution and the CA1
provides very good results.
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Table 6 Various approximations of stresses, X2 change (members 2,5, 6,10)

Stresses

X2

0.6

0.2

0.001

Method

Exact
CA2
CA1
RA1
DA1
EAla

Exact
CA2
CA1
RA1
DA1
EAla

Exact
CA2
CA1
RA1
DA1
EAla

1

194.8
194.8
194.7
194.4
194.8
194.7
195.1
195.1
193.7
189.8
194.2
194.0
199.9
199.9
193.0

b
194.0
192.6

2

48.2
48.2
48.1
51.2
46.8
47.1
61.8
61.8
59.3

106.4
53.4
55.7
79.1
79.0
68.0
b

56.7
73.2

3

-205.2
-205.2
-205.3
-205.6
-205.2
-205.2
-204.9
-204.9
-206.2
-210.2
-205.8
-206.0
-200.1
-200.1
-206.8

b

-206.0
-207.4

4

-71.1
-71.1
-71.1
-75.6
-69.2
-69.8
-87.6
-87.6
-87.6

-154.1
-78.7
-82.0
-99.9
-99.9
-99.1

b

-83.4
-106.8

5

39.6
39.6
39.0
42.5
39.4
39.9
37.4
37.4
48.9
77.5
43.1
45.4
0.6
1.0

53.0
b

46.0
56.5

6

48.2
48.2
48.0
51.2
46.8
47.1
61.8
61.8
59.3

106.2
53.4
55.7
79.1
79.0
68.0

b

56.7
73.1

7

148.7
148.7
148.9
149.3
148.7
148.8
148.3
148.3
150.2
155.7
149.5
149,8
141.5
141.5
151.5

b

149.9
151.8

8

-134.1
-134.1
-133.9
-133.6
-134.1
-134.1
-134.5
-134.5
-132.5
-127.1
-133.3
-133.1
-141.3
-141.3
-131.6

b

-132.9
-131.1

9

100.5
100.5
100.6
107.0
98.0
98.8

124.0
124.0
123.9
218.3
111.4
116.1
141.3
141.3
140.2

b

118.1
151.3

10

-68.1
-68.1
-67.8
-72.3
-66.0
-66.5
-87.3
-87.3
-83.8

-150.2
-75.4
-78.7

-111.9
-112.0
-96.0

b

-80.1
-103.3

aForra = — 1. Meaningless results.

Table 7 Various approximations of members' forces, X2 change (members 2, 5,6,10)

Forces

X2

0.6

0.2

0.001

Method

Exact
CA2
CA1
RA1
DA1
Exact
CA2
CA1
RA1
DA1
Exact
CA2
CA1
RA1
DA1

1

194.8
194.8
194.7
194.4
194.8
195.1
195.1
193.7
189.8
194.2
199.9
199.9
193.0

a

194.0

2

28.9
28.9
28.8
20.0
30.8
12.4
12.4
11.9

a

21.3
0.1
0.1
0.1
a

16.6

3

-205.2
-205.2
-205.3
-205.6
-205.2
-204.9
-204.9
-206.2
-210.2
-205.8
-200.1
-200.1
-206.8

a

-206.0

4

-71.1
-71.1
-71.1
-75.6
-69.2
-87.6
-87.6
-87.6

-154.1
-78.7
-99.9
-99.9
-99.1

a

-83.4

5

23.7
23.7
24.3
15.7
25.2
7.5
7.5
9.6
a

14.7
0.0
0.0
0.0
a

10.5

6

28.9
28.9
28.8
20.0
30.8
12.4
12.4
11.9

a

21.3
0.1
0.1
0.1
a

16.6

7

148.7
148.7
148.9
149.3
148.7
148.3
148.3
150.2
155.7
149.5
141.5
141.5
151.5

a

149.9

8

-134.1
-134.1
-133.9
-133.6
-134.1
-134.5
-134.5
-132.5
-127.1
-133.3
-141.3
-141.3
-131.6

a

-132.9

9

100.5
100.5
100.6
107.0
98.0

124.0
124.0
123.9
218.3
111.4
141.3
141.3
140.2

a

118.1

10

-40.9
-40.9
-40.7
-28.1
-43.3
-17.5
-17.5
-16.8

a

-30.0
-0.1
-0.1
-0.1

a

-23.4
a Meaningless results.

Table 8 Exact and proposed approximate displacements, changes in geometry

Displacements

Y Method 1 2 3 4 5 6 7 8
540

720

Exact
CA2
CA1
Error, %
Exact
CA2
CA1
Error, %

1.55
1.53
1.49
3.4
1.15
1.14
1.17
1.0

3.94
3.93
4.02
1.9
3.67
3.67
3.78
3.1

1.82
1.81
1.71
6.4
1.34
1.34
1.26
6.6

7.84
7.83
7.86
0.2
6.60
6.62
6.72
1.7

-2.18
-2.17
-2:06

5.4
-1.66
-1.68
-1.61

3.1

8.47
8.46
8.40
0.7
7.36
7.35
7.29
1.0

-1.66
-1.64
-1.60

3.0
-1.25
-1.24
-1.28

2.3

4.44
4.45
4.48
0.9
4.24
4.25
4.27
0.6

2) The RA1 and the DA1 provide poor results and are not suitable
for topological optimization.

3) The EA1 and the TA1 can improve the results obtained by the
RA1 only for appropriate selection of the parameters in and 8X2.
Poor results are obtained for small 8X2, and the approximations tend
to the DA1 for large 8X2.

Geometrical Optimization
To demonstrate the quality of the approximations achieved by

the proposed CA1 in geometrical optimization, assume the depth of
the 10-bar truss Y as a geometrical variable and a uniform cross-

sectional area for all members. Approximate displacements and
forces evaluated for Y — 540 and Y = 720 (increase in the depth
of the truss by 50% and 100%, respectively) are summarized in
Tables 8 and 9. The errors in the displacements, obtained by the
CA1 and given in Table 8, are defined as

error[%] =
r(exact) -r(CAl)

r (exact)

It can be observed that very good approximations are achieved for
these large changes in the geometry. Specifically, errors of less than
7% in the displacements have been achieved by the proposed CA1.
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Table 9 Exact and proposed approximate forces, changes in geometry

Forces

Method 10
540

720

Exact
CA2
CA1
Exact
CA2
CA1

128.8
128.8
128.8
96.1
94.7
97.1

23.1
23.1
23.1
15.9
16.7
7.5

-137.9
-137.9
-137.9
-103.9
-103.3
-106.3

-43.6
-43.6
-43.6
-34.1
-36.5
-27.6

27.8
27.8
27.8
23.9
24.1
20.3

34.6
34.6
34.6
31.7
30.2
23.9

128.4
128.4
128.4
120.6
121.1
121.0

-112.0
-112.0
-112.0
-103.0
-103.5
-106.6

78.6
78.6
78.6
76.3
75.6
70.8

-41.6
-41.6
-41.6
-35.5
-36.1
-39.4

Concluding Remarks
Approximations of the structural behavior in terms of the de-

sign variables are essential in optimization of large-scale struc-
tures, where the time consuming analysis is repeated many times.
Local approximations, such as the common DA1 or RA1, are most
efficient, but the quality of the results is often insufficient, particu-
larly in cases of large changes in the design variables. Modification
of the RA1 by methods such as the EA1 and the TA1 presented
in the paper can significantly improve the results. However, the
quality of the approximations is highly dependent on some param-
eters, and it is not straightforward to find appropriate values for
these parameters.

The CA1 presented in this study is based on combining the com-
puted terms of the DA1, used as high quality basis vectors, and
coefficients of a reduced basis expression. The latter coefficients
can readily be determined by solving a reduced set of (2 x 2) analy-
sis equations. The advantage is that the efficiency of the DA1 and the
improved quality of global approximations are combined to achieve
an effective solution procedure.

Similar to the DA1, the CA1 presented is based on results of
a single exact analysis and can be used with a general finite ele-
ment system. It is suitable for different types of structure, such as
trusses, frames, grillages, and plates. Although the CA1 can use
easy-to-implement basis vectors that do not involve calculation of
derivatives (such as the binomial series terms), the common first-
order Taylor series terms are assumed in this paper for purposes
of comparison. Given the initial stiffness matrix K* and the DA1
terms, it is then necessary for each trial design only to introduce
the modified stiffness matrix K = K* 4- A18T and to evaluate the
displacements, the stresses, and the forces by the simple algebraic
operations of Eqs. (18), (19), (15), and (22).

In the examples presented, good approximations of displace-
ments, forces, and stresses have been achieved by the proposed
CA1 for very large changes in the design variables. The quality
of the approximations achieved by the CA2 is better, at the cost
of more computational effort. Computational considerations related
to the CA2 are discussed elsewhere.2'15'16 Generally speaking, it is
recommended to use the latter method in cases where the proposed
CA1 is not adequate, and higher quality of the approximations is
needed.

The results achieved by the proposed CA1 are better than those
obtained by the RA1. The RA1 might not be adequate for large
changes in the design variables. In addition, effective implementa-
tion of the RA1 requires calculation of derivatives with respect to
all variables even in cases of a single independent variable (e.g.,
step-size variable).

In conclusion, the CA1 presented is a powerful tool to achieve effi-
cient and high quality approximations of the constraints in structural
optimization problems. It has high potential in future applications
in such areas as shape optimization and optimization by genetic
algorithms.
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